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Embedding fractals in Banach, Hilbert or Euclidean spaces

Taras Banakh, Magdalena Nowak, and Filip Strobin

Abstract. By a metric fractal we understand a compact metric space K endowed with a
finite family J of contracting self-maps of K such that K = | J <4 f(K). If K is a subset
of a metric space X and each f € JF extends to a contracting self-map of X, then we say
that (K, J) is a fractal in X. We prove that each metric fractal (K, J) is

e isometrically equivalent to a fractal in the Banach spaces C|[0, 1] and {;
e bi-Lipschitz equivalent to a fractal in the Banach space co;

e isometrically equivalent to a fractal in the Hilbert space ¢ if K is an ultrametric
space.

We prove that for a metric fractal (K, ¥) with the doubling property there exists k € IN such
that the metric fractal (K, 3°%) endowed with the fractal structure F°K = {fj o---0 fx :
fi..... fx € T} is equi-Holder equivalent to a fractal in a Euclidean space R¥ . This result
is used to prove our main result saying that each finite-dimensional compact metrizable
space K containing an open uncountable zero-dimensional space Z is homeomorphic to
a fractal in a Euclidean space R¥. For Z, being a copy of the Cantor set, this embedding
result was proved by Duvall and Husch in 1992.

Mathematics Subject Classification (2010). Primary: 28A80; Secondary: 37C25, 37C70,
46C05, 46B85, 51F99, 54E70.

Keywords. Fractal structure, metric fractal, ultrametric fractal, topological fractal, ultra-
fractal, fractal in a Banach space, Kameyama metric, doubling metric.



352 T. Banakh, M. Nowak, and F. Strobin

Contents
1 Preliminaries . . ... ... .. ... ... 352
2 Embedding of metric fractals into (almost) universal metric spaces . . 355
3 Embedding metric fractals into Hilbert spaces . . .. ... ... ... 358
4 Equi-Holder embeddings of metric fractals into Euclidean spaces . . . 361
5 The Kameyama pseudometrics on topological fractals . . . . . .. .. 363
6 Topological ultrafractals . . . . .. ... ... ... .. ........ 366
7 Strict topological ultrafractals . . . . ... ... ... ... ...... 367
8 Recognizing Euclidean fractals among compact metrizable spaces . . 370
9 Someopenproblems . . ... .. ... ... ... ... ... 383
References. . . . . . . . . . . 384

1. Preliminaries

In this paper we start a systematic study of fractals that are equivalent (in isometric,
bi-Lipschitz, equi-Holder or topological sense) to fractals in some special metric
spaces (like Euclidean, Hilbert or Banach spaces). Fractals are defined as attrac-
tors of iterated function systems consisting of contracting self-maps of complete
metric spaces.

A self-map f:X — X on a metric space (X, dy) is called contracting if
Lip(f) < 1, where

Lip() = sup U/ /0)
x#y x(x,y)

is the Lipschitz constant of f .

By the classical Banach Contraction Principle, each contracting self-map
f:X — X of a complete metric space X has a unique fixed point x,, which
can be found as the limit of the Cauchy sequence (x,),e, Starting with an arbi-
trary point xo and having x,+1 = f(x,) foralln € w.

Any finite family F of contracting self-maps on a complete metric space X
induces a contracting self-map

FKX) — K(X)., F:K— | f(K).
fegF

of the hyperspace X(X) of non-empty compact subsets of X, endowed with the
Hausdorff metric (see, [6], [7], [13], [16]). By the Banach Contraction Principle,
the mapJ has a unique fixed point K = (J;c4 f(K), which can be be found as
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the limit of the Cauchy sequence (K, )ne, Starting with an arbitrary non-empty
compact set Ko C X and having K+ = C;"(Kn) foralln € w.

This unique fixed point K is called the attractor of the system F (briefly the F-
fractal) in the complete metric space X . The F-fractal K carries a special structure
called the fractal structure.

By definition, a fractal structure on a compact metric space K is a finite family
F of contracting self-maps of K such that K = ( ;¢4 f(K). The number

Lip(F) := max Lip(f)
fegF

is called the Lipschitz constant of the fractal structure &F. It is easy to see that for
any fractal structure F on a compact metric space K and any n € IN the family
Fr ={fro---0 fu: f1,..., fu € F} is a fractal structure on K with Lipschitz
constant Lip(F°") < Lip(F)".

A compact metric space K endowed with a fractal structure & will be called
a metric fractal. In other words, a metric fractal is a pair (K, F) consisting of
a compact metric space K and a fractal structure F on K. The space K will be
called the underlying metric space of the metric fractal (K, &F).

Therefore, for any finite family F of contracting self-maps of a complete
metric space X its F-fractal K is the underlying metric space of the metric fractal
(K,FI'K), where FIK = {f |K: f € F} and f ['K is the restriction of f to K.
The pair (K, F } K) will be called a fractal in the metric space X.

The notion of a metric fractal has also a topological counterpart. A system F of
continuous self-maps of a topological space X is called topologically contracting
if for any open cover U of X there exists a number n such that for any functions
fi,..., fn € Ftheset f1 o---0 f,(X) is contained in some set U € U. It is
known [6] that a finite system F of continuous self-maps on a compact Hausdorff
space X is topologically contracting if and only if for any infinite sequence
(fn)new € F? the intersection (),,¢,, fo oo fx(X) is a singleton.

A topological fractal is a pair (X, F) consisting of a compact Hausdorff topo-
logical space X and a finite topologically contracting system F of continuous self-
maps such that X = (<5 f(X). The compact topological space X will be called
the underlying topological space of a topological fractal (X, ).

It is easy to see that each metric fractal is a topological fractal. By [3] and [21],
there exists a topological fractal whose underlying topological space is not home-
omorphic to the underlying topological space of any metric fractal. On the other
hand, for any topological fractal (X, J) its underlying topological space X is
metrizable by a metric d such that d( f(x), f(y)) < d(x,y) for any f € F and
any distinct points x, y € X (see [6, 6.2] or [20]).
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The aim of this paper is to recognize metric and topological fractals which
are equivalent to fractals in some special metric spaces, like Banach, Hilbert or
Euclidean spaces. By a Euclidean space we understand any finite-dimensional
Hilbert space; a Hilbert space is a Banach space whose norm is generated by an
inner product. It is well known that each Euclidean space is isometric to some
space R" endowed with the standard Euclidean distance.

Now we define the notion of equivalence of fractals. Two topological fractals
(X, Fx) and (Y, Fy) are called fopologically equivalent if there exist a homeomor-
phism h: X — Y suchthat Fy = {ho f oh™': f € Fx}. If (X,TFy) and (Y, Fy)
are metric fractals and the homeomorphism /4 is an isometry (resp. e-isometry, bi-
Lipschitz, equi-Holder, bi-H6lder) homeomorphism, then the fractals are called
isometrically (resp. e-isometrically, bi-Lipschitz, equi-Holder, bi-Holder) equiv-
alent.

A homeomorphism f: X — Y between metric spaces (X, dx) and (Y, dy) is
called

e an isometry if dy (f(x), f(y)) = dx(x,y) forall x,y € X;

e an g-sometry for some ¢ > 0 if

e (00) = dr (f(, fOD) = (1 -+ 8) - de(3.)
&

forall x,y € X;

e bi-Lipschitz if there exist two positive real constants ¢, C such that

¢-dx(x,y) <dy(f(x), f(y)) = C-dx(x,y)

forall x,y € X;

e equi-Holder if there exist three positive real constants ¢, C, o such that

c-dx(x,y)* =dy(f(x), f(»)) = C-dx(x,y)"

forall x,y € X;

e bi-Holder if there exist four positive real constants ¢, C, «, 8 such that

c-dy(x,y)* <dy(f(x), f(») < C -dx(x,y)P

forall x,y € X.

For these four types of homeomorphisms we have the implications

isometry —> e-isometry —> bi-Lipschitz — equi-Holder — bi-Holder.
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In the next section we present some results on the (isometric, e-isometric, bi-
Lipschitz, equi-Holder) topological equivalence of (metric) topological fractals
to fractals in Banach, Hilbert or Euclidean spaces. The most difficult result of
this paper is Theorem 8.1 saying that each finite-dimensional compact metrizable
space X containing an open uncountable zero-dimensional subspace Z is homeo-
morphic to a fractal in a Euclidean space. The particular case of Theorem 8.1 with
Z being homeomorphic to a the Cantor set was proved by Duvall and Husch [10]
in 1992.

2. Embedding of metric fractals into (almost) universal metric spaces

A metric space X is called universal if it contains an isometric copy of each
compact metric space.

A classical example of a universal metric space is the Banach space C|0, 1]
of continuous real-valued functions on [0, 1] (see [2]). By a result of Dutrieux
and Lancien [9], a Banach space X is universal if and only if it contains a
linear isometric copy of C|[0, 1]. In particular, the Banach space £, of bounded
sequences is universal.

Theorem 2.1. Any metric fractal (X, F) is isometrically equivalent to a fractal in
any universal complete metric space U.

Proof. By aresultof Isbell [15] (mentioned on page 32 of [8]), the compact metric
space X is a subset of a compact metric space € X, which is an absolute 1-Lipschitz
extensor. The latter means that each Lipschitz map f: A — €X defined on a
subset A4 of a metric space M has a Lipschitz extension f: M — €X with the
same Lipschitz constant Lip( f)= Lip(f).

Given a universal metric space U, we can identify the compact metric space
€X with a subspace of U. So, X C eX C U. Since €X is an absolute 1-Lipschitz
extensor, every map f € JF has a Lipschitz extension f:U — €X c U with
Lipschitz constant Lip( f) = Lip(f) < 1.

Then the function system

F={f:feF

consists of contracting self-maps of U and has the set X = Ufest f(X) =
U res F(X) as its attractor. So, the metric fractal (X, F) is isometric to the fractal
(X.FMX)inU. O
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Remark 2.2. Theorem has a topological version, proved in [5, Theorem 1.3]:
each topological fractal (X, F) is topologically equivalent to a topological fractal
in a Tychonofftopological space U, containing a topological copy of any compact
metrizable space.

A metric space X is defined to be almost universal if for every ¢ > 0, every
compact metric space K is e-isometric to a subspace of X. A classical example
of an almost universal metric space is the Banach space co. This important fact
was proved by Kalton and Lancien in [17]. By [9], the Banach space c¢ is not
universal.

Theorem 2.3. For any ¢ > 0, any metric fractal (X, JF) is e-isometrically equiva-
lent (and hence bi-Lipschitz equivalent) to a fractal in any almost universal com-
plete metric space U.

Proof. Let (U, dy) be an almost universal metric space. Since Lip(F) < 1, we
can choose a positive real number § < & so small that (1 + §)? - Lip(F) < 1.

By [15], the compact metric space X is a subspace of a compact metric space
€ X, which is an absolute 1-Lipschitz extensor. By the almost universality of the
metric space U, there exists a §-isometric embedding ¢: € X — U, which means
that

1
T3 “dex(x,y) <du(p(x),9(y)) < (1 +38)-dex(x,y) forallx,y € eX.

The first inequality implies that for each f € F the function
foplip(X) — X CeX
has Lipschitz constant
Lip(fop™") < (1+8) - Lip(f)

and hence has a Lipschitz extension

fiU—¢€eX
with Lipschitz constant
Lip(f) = Lip(fop™") = (1 +8) - Lip(/f).

Then the map

f=¢of:U—U
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has Lipschitz constant
Lip(f) < (1+8)-Lip(f) < (1+8)*-Lip(f) < 1.
Therefore, the function system
Fo={f:feF
consists of contracting maps of U and has the set

e(X)=|J oo f(x)= ] flox)

fex feF

as its attractor. Moreover,
{fro(X): f €T} ={gofop~: f € T},

which means that the fractal (X, F) is e-isometrically (and hence bi-Lipschitz)
equivalent to the fractal (p(X),F (X)) in U. O

Applying Theorems 2.1 and 2.3 to the (almost) universal Banach spaces £,
C10, 1] (and cp), we obtain the following embeddability theorem.

Corollary 2.4. Any metric fractal (X, F) is
e isometrically equivalent to a fractal in the Banach space C|0, 1];
o isometrically equivalent to a fractal in the Banach space {;

e bi-Lipschitz equivalent to a fractal in the Banach space c.

It is well known that for each infinite compact Hausdorff space K, the Banach
space C(K) of continuous real-valued functions on K contains an isometric copy
of the Banach space ¢y, which implies that the Banach space C(K) is almost
universal. If the compact space K is not scattered, then it admits a continuous
map onto [0, 1], which implies that C(K) contains an isometric copy of the Banach
space C[0, 1] and hence C(K) is universal. Combining these observations with
Theorem 2.1, we obtain the following embedding result.

Theorem 2.5. Let K be a (non-scattered) infinite compact Hausdor{f space. Any
metric fractal (X, F) is (isometrically) bi-Lipschitz equivalent to a fractal in the
Banach space C(K).
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3. Embedding metric fractals into Hilbert spaces

In this section we discuss the problem of embeddings of metric fractals into
Hilbert spaces. It is well known that each Hilbert space H is linearly isometric to
the Hilbert space £, (k) for a suitable cardinal x. The Hilbert space £, («) consists
of functions f:x — R with erx | £(x)|?> < oo. The norm of £, (k) is generated
by the inner product (£, g) := >, f(X)g(x).

By the classical Klrszbraun Theorem 1.12in [8], any Lipschitzmap f: A — H
defined on a subset A of a Hilbert space H extends to a Lipschitzmap f: H — H
with the same Lipschitz constant Lip( f) = Lip(f). Using this theorem of
Kirszbraun, we can prove the following characterization.

Theorem 3.1. A metric fractal (K, F) is isometrically equivalent to a fractal in a
Hilbert space H if and only if its underlying metric space K admits an isometric
embedding in H.

Concerning the isometric embeddability of metric spaces into Hilbert spaces
we have the following characterization.

Proposition 3.2. For a metric space X with metric dx the following conditions
are equivalent:

(1) X is isometric to a subset of a Hilbert space;

) Z?,j:l d)%(x,-,xj)c,-cj < 0 for any points x1, ..., x, € X and real numbers
ClyevsCy With Y 1 ¢ =0

3) X7 (d)%(xj',x;') + dy(xj,x;7) — 2d§(xl.+,xj_)) < 0 for any points
x,oxfand xy, . x; in X.

Proof. The equivalence (1) <= (2) is proved in [8, 8.5(ii)]. To show that

(2) = (3), apply (2) to the points x; = X, ..., X» = X;F, Xp41 = XT, ...,

X2n = X, andnumbersc; =---=c¢, =land ¢y =+ =2y = —1.

To prove that (3) = (2), assume that (2) does not hold and find points
X1,...,X, € X and real numbers cq,...,c, such that 27—1 ¢ = 0 and
>i =1 dx(xi,xj)*cicj > 0. By the contlnulty of the arithmetic operations, we
can assume that the numbers ¢y, ..., ¢, are rational. Multiplying these rational
numbers by their common denominator, we can make them integer. Repeating
each point x; |c;| times, we can assume that the numbers ¢y, .. ., ¢, belong to the
set {—1, 1}. In this case the equality Y 7_, ¢; = 0 implies that n is even and hence
n = 2k for some k. After a suitable permutation, we can assume that ¢; = 1 for
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i <kandc; = —1fori > k. Nowpu‘[xi+ = x; and x;7 = x;44 fori < k and
conclude that

n
0< > dg(xi.xpeic; = > (dg(xiT. x) + dg (57 x7) = 2dg (x;F. x7),

i,j=1 i,j<k
which contradicts (3). O

A metric space X is called an ultrametric space if its metric dy is an ultramet-
ric, which means that it satisfies the strong triangle inequality

dx(x,z) <max{dx(x,y),dx(y,z)} forallx,y,z e X.

Applying Proposition 3.2, we obtain the following generalization of the em-
beddability result of Vestfrid and Timan [22], [23].

Corollary 3.3. Each ultrametric space X is isometric to a subset of a Hilbert
space.

Proof. Given any points x;,...,x;5 and x],...,x, in X, we need to check the
inequality (3) of Proposition 3.2. This will be proved by induction on n. Forn = 1
the inequality (3) is trivially true. Assume that for some n € IN we have proved that
the inequality (3) is true for any points x;", ..., x; and x],...,x, in X. Choose
any points x;,....x;  and xT,....x, +1 After a suitable permutation, we can

assume that d2(x,7, ;. x;7, ;) = min; j d2 (x;" . X} ). By the inductive assumption,
DRt )+ dg (7 xp) — 2d (xF. X)) < 0.
i,j<n
For every i < n, the strong triangle inequality for the ultrametric dy implies
dy (", x00) < max{dg (6", X 0)s dg (10 X)) = dy (6, x00)
and
d}%(xi_’x;-f—l) = max{d)%(xi_’x;—i-l)’d)%(x;—i-l’xr_zl——}—l)} = d)%(xi_’x;—i-l)'
Then
Yo (@R D) + dR (i X)) — 2dR (T X))
i,j<n+1

= —2d¢ (X4 Xpp1) + Z (dg (x;",x ) +dg(x7, x;7) = 2dg (%", X))

ivj<n

+Z 2dg (5", x5 )+ 2d7 (7 X, 1)
i=1

—2d3(x;}, xppq) —2dg (xf . x7)) <0, O
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A metric fractal (X, J) will be called an ultrametric fractal if its underlying
metric space X is an ultrametric space. Theorem 3.1 and Corollary 3.3 imply the
following embeddability result.

Theorem 3.4. Each ultrametric fractal is isometrically equivalent to a fractal in
the Hilbert space £,.

For bi-Lipschitz and equi-Holder equivalences we have a slightly weaker em-
beddability result.

Theorem 3.5. If the underlying metric space of a metric fractal (K, F) admits a
(bi-Lipschitz) equi-Holder embedding to a Hilbert space H, then for some n € N,
the fractal (X, F°") is (bi-Lipschitz) equi-Holder equivalent to a fractal in H.

This theorem can be derived from Kirszbraun Theorem 1.12 in [8] and the
following simple lemma.

Lemma 3.6. For an equi-Holder homeomorphism ¢: X — Y of metric spaces
(X, dx) and (Y, dy), there are positive real constants C and a such that for any
Lipschitzmap f: X — X themap ¢ o f oo~ ':Y — Y has Lipschitz constant

Lip(p o fop™ ") < C -Lip(f)*.

Proof. Since ¢ is equi-Holder, there are positive constants ¢ and « such that

% dy (. XY < dy (9(x), p(x')) < ¢ - dy (x, x')*

for all x, x” € X. This inequality implies that

1 !/ o - - / o o
ey ) < dx@TI ), 9710 = ¢y (9,

forall y,y’ €Y.
Take any Lipschitz map f: X — X and observe that for any points y, y’ € Y
we have

dy(@o fog ' (y),9o fop™'(y)
<c-dx(fop ' (y). fop ' (y))*
<c-(Lip(f)-dx (™' ().~ (V)
< ¢ -Lip(f)*(c"*dy (y.y")'/*)"
= ¢ - Lip(f)*dy (y. Y
and hence Lip(¢ o f o ¢™1') < C -Lip(f)* for the constant C := c2. O
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4. Equi-Holder embeddings of metric fractals into Euclidean spaces

Theorem 3.1 and 3.5 reduce the problem of embedding fractals into Hilbert spaces
to the problem of embedding their underlying spaces into Hilbert spaces. In
case of Euclidean spaces (i.e., finite-dimensional Hilbert spaces) we have a nice
characterization of equi-Holder embeddability, due to Assouad [1].

He proved that a separable metric space X admits an equi-Holder embedding
into a Euclidean space if and only if X has the doubling property, which means
that for some number N € IN, each subset S C X can be covered by < N sets of
diameter < %diam(S ) (in fact, instead of the constant 1 we can take any positive
number A < 1 and obtain an equivalent definition). It is easy to see that each metric
space with the doubling property is separable. The Asouad’s characterization
implies that the doubling property is preserved by equi-Holder equivalences of
(separable) metric spaces.

We shall say that a metric fractal has the doubling property if its underlying
metric space has the doubling property. Combining the Assouad’s characteriza-
tion with Theorem 3.5 we get the following characterization.

Theorem 4.1. A metric fractal (K, F) has the doubling property if and only if for
some n € N the metric fractal (K, F°") is equi-Holder equivalent to a fractal in a
Euclidean space.

For ultrametric fractals we can prove a much better embedding result. A self-
map f of a metric space will be called e-contracting if Lip(f) < e.

Theorem 4.2. Each ultrametric fractal (X, F) with the doubling property is equi-
Holder equivalent to a fractal in R. More precisely, for every ¢ > 0 the fractal
(X, F) is equi-Holder equivalent to the attractor of a function system consisting
of |F| many e-contracting self-maps of the real line.

Proof. We lose no generality assuming that the ultrametric space X has diameter
diam(X) < 1. Fix any real number A € [1,1) with Lip(¥) < A. By the doubling
property of X, there exists a constant D such that each subset S C X can be
covered by < D subsets of diameter < % diam(S).

For every n € w let U, be the family of closed balls of radius A" in the
ultrametric space X. The strong triangle inequality implies that for any distinct
balls U, V € U, we have dist(U, V') > A" where dist(U, V) = inf{dx (u,v):u € U,
v € V}. Moreover, for any V' € U, there exists a unique W € U, with V C W.

We claim that for any n € w and W € U,, the family

Up+1 (W) :={U € Up41:U C W}
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has cardinality |U,+1(W)| < D. Indeed, by the choice of D, the set W has
a cover C consisting of < D sets of diameter < jdiam(W) < A" < A"*L
Each set U € U,+1(W) intersects some set Cy € € and this set is unique as
diam(Cy) < A" ™1 < dist(U, V) forany V € U, 41\ {U}. This uniqueness implies
that |U,41(W)| < |€| = D.

Given any positive ¢ < 1, choose a positive real number ¢ < 1 such that
A% < m. For every n € w and W € U, choose inductively a closed interval
Iw C R such that

(a) diam(Iw) = A"%;
(b) Iy C Iw forany U € U,+1(W);
(c) dist(ly, Iy) > %)L”"‘ for any distinct sets U, V' € U, 41 (W).

For every n € w and W € U, the choice of the family (Iyy: U € U,4+1(W)} is
always possible since

A(”“)"‘(l n 1)|u,,+1(W)| < pne (A"‘(l n 1)D) < am = diam(Iw).

€ €

Now consider the map ¢: X — R assigning to each point x € X the unique
point of the intersection (\{l/y:x € U € U, ¢, Un}. We claim that ¢ is a bi-
Lipschitz embedding of the ultrametric space (X, dy) into the real line.

Given any distinct points x, y € X, find a unique number n € o such that
ATl < dy(x,y) < A" Then x, y € W for some W € U, and hence

lp(x) — @()| < diam(Iy) = A" = A~¥AOHDe =gy ),

Since dx (x,y) > A"*1, the points x, y are contained in distinct sets U, V €
U, +1(W). Now the condition (c) of the inductive construction ensures that

A A
lp(x) — (y)| = dist(Iy, Iv) > ?A”"‘ > ?d;‘}‘(x,y).
Therefore,

a A(n-i—l)oz
—dy(x.y) <
&

<lo(x) —@(y)| < A" < A7%g(x,y)

and the map ¢ is a bi-Lipschitz embeding of the ultrametric space (X, dy) into R
and an equi-Holder embedding of the ultrametric space (X, dx) into R.

Observe also that for any contraction f € F and any points x,y € X with
AL < dy(x,y) < A" for some n € w, we have

dx (f(x), f(y)) < A-dx(x,y) < A"*!
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and hence

lpo f(x) —go f()] < ATTVY <. |o(x) —o(y)l.

which implies that the map ¢ o f o ¢~ 1:9p(X) — ¢(X) C R is e-contracting
and hence can be extended to an e-contracting map f: R — R. Now we see that

the family F := {f: f € )} consists of e-contractions of the real line and the
ultrametric fractal (X, &) is equi-Holder equivalent to the fractal (¢(X),F ['¢(X))
in the real line. U

In Example 5.2 we shall construct a simple ultrametric fractal which fails to
have the doubling property and hence is not equi-Holder equivalent to a fractal in
a Euclidean space. Nonetheless we do not know the answer to the following open
problem.

Problem 4.3. Is each metric fractal homeomorphic to a metric fractal with the
doubling property?

5. The Kameyama pseudometrics on topological fractals

The problem of metrizability of topological fractals was considered by Kameyama
[18]. On each topological fractal (X,JF) Kameyama defined a family ( pf Ya<1
of continuous pseudometrics and proved that the topological fractal (X, ) is
topologically equivalent to a metric fractal if and only if for some A < 1 the
pseudometric pf is a metric, see Corollary 1.14 in [18].

To give the precise definition of the Kameyama pseudometrics p f , we need to
introduce some notation. For a topological fractal (X, ¥) letidy: X — X be the
identity map of X and

FoO = U Fer,
neEw
where F°° = {idy} and " = {fi0---0 fu: fi,.... fu € F} forn € N. For a
self-map f € F°® leto(f) = sup{n € w: f € F°'}.
The Kameyama pseudometric pf{t on X is defined by the formula

1seees n

where the infimum is taken over all sequences fi,..., f, € F°? such that x €
fi(X),y € fu(X)and f;(X)N fi+1(X) # @ foralli < n. In the definition of pf
we assume that 1°) = 0if o(f) = w.
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If (X, F) is a metric fractal and A > Lip(5), then
diam(f(X)) < A°V) . diam(X)

for all f € F°® and hence dx (x,y) < pj (x,y) - diam(X), which implies that
the psudometric pf is a metric. On the other hand, if for some A < 1 the
pseudometric pf is a metric, then it turns (X, ¥) into a metric fractal as each
map f € F has Lipschitz constant < A with respect to the Kameyama metric pf
(see Proposition 1.12 in [18]).

Applying Theorem 4.1 to this metric fractal, we obtain the following embed-
dability criterion.

Corollary 5.1. Let (X,JF) be a topological fractal. If for some A < 1 the
Kameyama pseudometric pf on X is a metric with the doubling property, then
for some n € N the topological fractal (X, F°") is topologically equivalent to a
fractal in a Euclidean space.

Unfortunately, even for fractals in a Euclidean space the Kameyama metric
needs not have the doubling property.

Example 5.2. Fix any complex number ¢ such that |¢| = 1 and ¢" # 1 for any
n € IN. On the complex plane C consider the system F = { fi, f», f3} consisting
of three contracting self-maps, defined by the formulas

fiz) = %Z, fa(z) = %cz, fa(z) =1, forz eC.

The attractor X of the function system JF coincides with the set

{£(0): f € F°°} = {0} U {Xnk:0<k <n<w} wherex,; = zinck.

Observe that
{f(X): f €T} = {x}:x € X \{0}} U{Xpm,;:0 < j <m},

where . .
Xm,j =0} U{xpmani+;:0 <k <n}y= f{"" o £ (X).

Looking at the definition of the Kameyama pseudometric p f , we can see that for
any distinct points x, ;, x».4 € X \ {0} we have

pf(()’xn,l) = A’n
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A

Figure 1. The attractor of the function system & = {%z %cz, 1}.

and
max{A", A"} < pf(xn,l,xm,q) < A" 4+ A" < 2max{A", A"},

which implies that pf is a metric. Moreover, for various A < 1 the Kameyama
metrics are equi-Holder equivalent.

To see that the metric p f does not have the doubling property, observe that for
any n € N and distinct numbers /,g < n we have A" < pf(xn,l,xn,q) < 2A",
which implies that the set S, = {x,;:0 <[ < n} cannot be covered by less than
(n + 1) sets of diameter < 1 diam(S,) < A".

Therefore the compact metric space X; = (X, pf ) does not have the doubling
property and the metric fractal (X, &) is not equi-Holder equivalent to a fractal in
a Euclidean space. On the other hand, the fractal (X, F) is bi-Lipschitz equivalent
to a fractal in the Hilbert space £5.

This follows from Theorem 3.4 as the metric pf is bi-Lipschitz equivalent to
the ultrametric ) on X defined by

Ur(0,xp,1) = up(xn1,0) = A" and  u;(xp 1, Xm,g) = max{A”, A"}

for distinct points x, ;,xn 4 € X \ {0}. Let Uy be the set X endowed with the
ultrametric u,. It is easy to see that each map f € JF remains contracting with
respect to the ultrametric u, so (U,, ¥F) is a ultrametric fractal. By Theorem 3.4,
the ultrametric fractal (U, ) is isometrically equivalent to a fractal in £,. Then
the metric fractal (X, ), being bi-Lipschitz equivalent to the ultrametric fractal
(U, F) is bi-Lipschitz equivalent to a fractal in £,. On the other hand, the
ultrametric space U, does not have the doubling property (since this property is
preserved by bi-Lipschitz homeomorphisms), so U, is not equi-Holder equivalent
to a subset of a Euclidean space.
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6. Topological ultrafractals

In this section we describe a class of topological fractals (called topological
ultrafractals), for which the Kameyama pseudometrics pf are ultrametrics with
the doubling property.

A topological fractal (X, J) is called a topological ultrafractal if for any
functions f, g € 7°¢ = | J,.,, T° one of the following holds:

JX)NgX) =0 or f(X) Cg(X)org(X)C f(X).

In this case the topological fractal structure ¥ is called a fopological ultrafractal
structure.

Let us observe that the ultrametric fractal (U, , F) constructed in Example 5.2
is not a topological ultrafractal.

Theorem 6.1. If (X, F) is a topological ultrafractal, then for every positive A < 1
the Kameyama pseudometric pf is a ultrametric with the doubling property and

pi(x,y) = inf{A°): x,y € f(X) for some f € F°°)
forany x,y € X.

Proof. The definition of pj implies that
P, y) <up(x,y) :=inf{A°V:x,y e f(X) for some f € F°°}.

Assuming that pf (x,y) < uy(x,y), we can find a sequence of functions
fiooooi fuo€ % such that x € fi(X), y € fu(X), fi(X) N fir1(X) # 0
foralli < n,and ) ;_, A1°UD <y, (x, y). We can assume that the number n
is the smallest possible. The definition of u, (x, y) implies that n > 1. Since
f1(X) N fo(X) # @, either f1(X) C f2(X) or f1(X) D f2(X). In both cases
we can replace the sequence fi,..., f, by the shorter sequence f,..., f, or
fi, f3, .., fu, which contradicts the minimality of n. This contradiction shows
that p3 (x,y) = u(x, y).

Taking into account that the family F is topologically contracting, we can prove
that u, is a metric. To see that u, is an ultrametric, take any pairwise distinct
points x, y,z € X. Since u)(x,y) > 0, there exists a function f € F°“ such
that uy(x,y) = A°U) and x,y € f(X). By the same reason, there exists a
function g € F°° with uy(y,z) = A°® and y,z € g(X). Since (X,TF) is a
topological ultrafractal and y € f(X) N g(X) # 0, either f(X) C g(X) or
g(X) C f(X). In the first case we obtain x,z € f(X) U g(X) C g(X) and hence
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uy (x,z) < A°@ < max{u,(x, y),ux(y, z)}. In the second case, x, y € f(X) and
hence u; (x, z) < A°) < max{u; (x, y), up(y,2)}.

Finally, we show that the ultrametric u, has the doubling property. It suffices
to check that any set S C X can be covered by |F| many sets of diameter
< A -diam(S). We can assume that S contains more than one point and find
k € o such that diam(S) = AK. Fix any point x € S and observe that
{f(X): f € F°k x € f(X)} is a finite cover of S. Since (X, F) is a topological
ultrafractal, this cover is linearly ordered and hence contains the largest element
f(X). Now we see that S C f(X) = U5 f © g(X) and each set f o g(X) has
diameter < Ak*1 = A . diam(S). O

Theorems 4.2 and 6.1 imply the following embedding result.

Theorem 6.2. Any topological ultrafractal (X, F) is topologically equivalent to
a fractal in the real line. More precisely, for any positive A < 1, the topological
ultrafractal (X, F) endowed with the Kameyama ultrametric pf is equi-Holder
equivalent to a fractal in the real line.

7. Strict topological ultrafractals

A topological fractal (X, JF) is called a strict topological ultrafractal if its fractal
structure F has a property that for any k € w, any functions £, g € F° one of the
following holds:

JX)=¢gX), [fX)ngX)=0, [f(X)=1 [¢X)=1

Such a fractal structure ¥ is called a strict topological ultrafractal structure.

Proposition 7.1. Each strict topological ultrafractal (X, F) is a topological ul-
trafractal.

Proof. Given distinct functions f, g € F°® with f(X) N g(X) # @, we need to
prove that f(X) C g(X) or g(X) C f(X).

Write f and gas f = fio---0 f,and g = gy o--- 0 g,, for some functions
fiseoos fur &1, ---, 8m € F. We lose no generality assuming thatn < m. Let g =
gro---ogy. If f(X)=g(X),then g(X) C g(X) = f(X) and we are done. So,
assume that f(X) # g(X). Taking into account that (X, JF) is a strict topological
ultrafractal and @ # f(X) N g(X) C f(X) N g(X), we conclude that f(X) or
g(X) D g(X) is a singleton. In the first case f(X) = f(X) N g(X) C g(X). In
the second case g(X) = g(X) N f(X) C f(X). |
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Now we characterize zero-dimensional compact metrizable spaces, homeo-
morphic to (strict) topological (ultra)fractals. By [4] (see also [11]), a zero-
dimensional compact metrizable space X is homeomorphic to a topological fractal
if and only if X either is uncountable or is countable and has non-limit scattered
height.

Let us recall that a topological space X is scattered if each subspace A C X
has an isolated point. The Baire Theorem guarantees that each countable complete
metric space is scattered. The complexity of a scattered topological space can be
measured by the ordinal (X) defined as follows.

Let X be a topological space. For a subset A C X, denote by A the set of
non-isolated points of 4. Put X(© = X and for every ordinal «, define the a-th
derived set X @ by the recursive formula

X@ = () (x )W,

B<a

The intersection X (* = M, X@ of all derived sets has no isolated points and
is called the perfect kernel of X. For a scattered topological space X, the perfect
kernel X () is empty and the ordinal #(X) = min{a: X® is finite} is called the
scattered height of X. A scattered topological space X is called unital if the set
X ®(X) 5 a singleton.

Theorem 7.2. For a zero-dimensional compact metrizable space X the following
conditions are equivalent:

(1) (X,F) is a topological fractal for some function system F,

(2) (X,F) is a strict topological ultrafractal for some function system F of
cardinality |F| = 3;

(3) for every e > 0, the space X is homeomorphic to the attractor of a function
system consisting of three s-contractions of the real line;

(4) X is either uncountable or else X is countable and has non-limit scattered
height.

Proof. The equivalence (1) < (4) wasprovedin[4], (2) = (3) follows from
Theorem 6.2 and Proposition 7.1; the implication (3) = (1) is trivial. So,
it remains to prove that (4) = (2). In [4, Lemma 3] (more precisely, in its
proof) it was shown that a compact metrizable space X has a strict topological
ultrafractal structure J consisting of two maps if X either zero-dimensional and
uncountable or X is countable and unital with non-limit scattered height. So, it
remains to consider the case of a countable non-unital space X. In this case X is
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homeomorphic to the product Z x D of a unital countable space Z and a discrete
space D of cardinality |D| = |X®®X)|, By the preceding case, the countable
unital space Z has a strict topological ultrafractal structure F, consisting of two
maps. The following lemma implies that the space X = Z x D has a strict
topological ultrafractal structure F consisting of three maps. |

Lemma 7.3. If a compact metrizable space X has a strict topological ultrafractal
structure F, then for any non-empty finite discrete space D the space Y := X x D
has a strict topological ultrafractal structure of cardinality < |F| + 1.

Proof. Write D as D = {y1,..., yn} for n = |D|. There is nothing to prove for
|D| = 1, so assume that n > 1. Replacing F by a suitable subfamily, we can
assume that X # | J,cq f(X) for every proper subfamily 3 C &. In this case
the ultrafractality of F ensures that the sets f(X), f € &, are pairwise disjoint.
Write the family F as F = {fi,..., fi,} where m = |F|. Using the fact that the
system JF is topologically contracting, we can show that each map f; € F has a
unique fixed point x; € X (as was mentioned in Section 1, in such case f; is a
weak contraction with respect to a suitable metric and hence f; has a unique fixed
point by [12]).

For every positive integer i < m, consider the map g;:Y — ¥ = X x D
defined by the formula

(fi(x),y1) ify = y1,
(xi,¥1) otherwise.

gi(x,y) ={

Also consider the map go: Y — Y defined by

(x,yj+1) if y =y, forsome j <n,

go(x,y) = { )
(x1,yn) ity = yu.

It can be shown that Y = | i, g;(Y) and that the function system § = {g;}"",
is topologically contracting.

So, G is a fractal structure on Y. Let us show that this structure is a strict
topological ultrafractal structure. Take any k € IN and two functions ¢, ¢ € G°%
such that ¢(Y) # ¥(Y) and ¢(Y) N ¥ (Y) # @. We should prove that ¢(Y) or
Y (Y) is a singleton. Write ¢ and ¥ as ¢ = g, 0---0gp, and ¢ = g4, 0---0 g4,
for some sequences (p1.....pr). (q1.....qx) € {0,...,m}*. If for some i < k
we have p; # 0 and p;+1 = 0, then g, o g, ., (Y) is a singleton and so is ¢(Y).
Therefore, we can assume that there exists a non-negative integer numbers s < k
such that p; = Oforalli <sand p; # 0foralls <i <k (in the case s = 0, we
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assume that all p; are nonzero). If s > n, then the set ¢(Y) C g3(Y) = {(x1, yn)}
is a singleton and we are done. So, s < n.

By analogy we can assume that for some non-negative number ¢ < k witht <n
we have ¢; = Oforalli <randg; # Oforallt <i < k. Since p(X) # ¥ (X),
the sequences (p1, ..., pr) and (g1, ..., qx) are distinct and thus min{s,?} < k.
Without loss of generality, we can assume that s < ¢ and hence s < k. Then
p(Y) C g5(X x{y1}) C X X {ys+1}. Assuming that s < ¢, we conclude that
v(Y) C gh(Y) C X X {Yi+1,-...ya) is disjoint with ¢(Y). This contradiction
shows that s = ¢ < k. Since the map g5|X x {y1} is injective (if s = 0, then g is
the identity map of Y), the sets gy, 0---0gp (Y) = fp 1y 00 fp (X) x{y1}
and g4, , 0 0gq (Y) = fg,4y 00 fg (X) x{y1} are not disjoint and do not
coincide. Since ¥ is a strict topological ultrafractal structure on X, one of these
sets is a singleton. Then one of the sets ¢(Y) or ¥ (Y) is a singleton, too. |

8. Recognizing Euclidean fractals among compact metrizable spaces

In [10] Duvall and Husch proved that each finite-dimensional compact metrizable
space X containing an open subspace homeomorphic to the Cantor set is home-
omorphic to a fractal in a Euclidean space. The following theorem (which is the
main technical result of this paper) shows that the Cantor set in the result of Duvall
and Husch can be replaced by any uncountable compact zero-dimensional space.

Theorem 8.1. Fora compact metrizable space X containing an open uncountable
zero-dimensional subspace Z, the following conditions are equivalent:

(1) X is finite-dimensional,
(2) X is homeomorphic to a fractal in a Euclidean space;

(3) X admits a topological fractal structure F consisting of 4 contractions such
that for some A < 1 the Kameyama pseudometric pf is a metric with the
doubling property.

Proof. The implication (3) = (2) follows from Theorem 4.1 and (2) = (1)
is trivial. It remains to prove that (1) = (3).

So, assume that the space X is finite-dimensional. By our hypothesis, the
space X contains an open uncountable zero-dimensional subspace Z. Being
uncountable, locally compact and zero-dimensional, the space Z contains an
uncountable open compact zero-dimensional subspace. Replacing Z by this
subspace, we can additionally assume that the open subspace Z of X is compact
and its complement X \ Z is not empty.
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Now the idea of further proof is as follows. First we construct a special
embedding of the compact zero-dimensional space Z into the square K x K of
the standard Cantor set K such that K x {0} C Z. The product structure of K x K
will help us to define a topological ultrafractal structure ¥z = { fo, f1, f>} on Z
such that for every A < 1 the Kamyeama ultrametric pfz of (Z,3Fz) induces a
standard ultrametric on the Cantor set K x {0} C Z.

Then we embed the finite-dimensional space ¥ := X \ Z into a Euclidean
space R and using the partition of R? into cubes, construct a special surjective
map f3:Z — Y. We shall extend the maps f;, i € {0,1,2,3} to continuous
self-maps f; of X such that £;(Y) is a singleton and obtain a topological fractal
structure F = { f; }?_o on X whose Kameyama pseudometric pf is a metric with
doubling property for any A < 1 with A4 > 1.

For convenience of the reader, our subsequent proof is divided into 8 steps.
At the initial two steps we just introduce some notations, necessary for proper

handling the Cantor set K and subsets of its square.

Step 1. Some notations related to the Cantor cube 2. By w we denote the
smallest infinite ordinal, which can be identified with the set of non-negative
integer numbers. For a non-empty set A by

A=? =] |A"
we denote the set of all finite sequences of elements of the set A.

For a finite sequence s = (sg,...,8,—1) € A" C A=? by |s| we denote its
length n. The set A° is a singleton consisting of the empty sequence, which has
length 0.

The countable power A® consists of infinite sequences (of length w) in A. For
an infinite sequence s = (Sg)reo € A® and a number n € N let

stn = (so,...,5—1)
be the restriction of s to the setn = {0,...,n — 1}. Similarly we define s ['n for
finite sequence s of length |s| > n.
For two finite sequences s = (g, ..., Sy) and t = (¢o,...,%n) by
St = (80,5020, stm)

we denote their concatenation.

By 2 we denote the doubleton {0, 1}. Elements of the set 2= U 2¢ will
be called binary sequences. For n € IN by 0" we denote the unique sequence
(0,...,0) € {0} C 2". So, 0"1 is the sequence (0, ...,0,1) € 2! which will
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be written as 0...01. This is our general rule: writing binary sequences we shall
omit commas and parentheses. So, for example, 100001 will denote the binary
sequence (1,0,0,0,0, 1).

For a binary sequence o € 2<% U 2% of length [ € w U {w} let

LaJ = (a2n)0§2n<l and |—Ol—| = (a2n+1)0<2n<l

be the even and odd parts of «. It is clear that the sequence o can be uniquely
recovered from the pair (|« |, []). If @ has finite length, then

ITal] < |lee]| < |[e]] + 1.

Fori € N by |-|* we shall denote the i -th iteration of the operation |-| on 2<®.
For example, 1[110010011]! = 10101, 2[ 1100100112 = 111, 3| 1100100113 =
11 and [ 110010011 % = 1 for all i > 4.

Step 2. Some notations related to the Cantor set K and its square K x K. Consider
the topological embedding x():2“ — [0, 1] assigning to each infinite sequence

o € 2% the real number -

20y,
Xa == Z 3n+1°

n=0

The image
K = {xy4:a € 2%}

is nothing else but the standard Cantor set in [0, 1].
For any finite binary sequence o € 2=¢ let

Ky i={xg:p €2% BMa| =a}

be a basic closed-and-open subset of K. Let x4 := x40« denote the smallest point
of the compact set K.
Given a finite binary sequence y € 2= of length |y|, consider the rectangle
K? = Ky x Ky
and its upper subrectangle
K” := Ky, x Kyiyi;-

In particular, for y = @ € 2°, we get

K? = KgxK=KxK=Kx(KogUKy)
and
K% := Kgx K, = K x K.
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It is easy to see that K x K = (K x {0}) U U, ep<w K.
For every finite binary sequences «, B € 2<% of length |B| < || < |B| + 1,
consider the subrectangle

Ky 5= Kya X Koivigg-

of the rectangle K.

K00 K01 K10 K11

Figure 3. Visualization of sets ng’ L

Step 3. Constructing an appropriate embedding of Z into K x K. Consider the
family Z of all open countable subsets in Z. The union | Z, being a metrizable
separable space, is Lindelof, and hence is countable (being a countable union of
open countable subspaces of Z).

Then the complement Z(*) := Z\|_J Z is uncountable and contains no isolated
points. Being compact and zero-dimensional, the space Z (> is homeomorphic
to the Cantor set K according to the classical Brouwer Theorem [19, 7.4].
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In the Cantor set K consider the compact subset
2
So :={0}U {3—n:n € ]N} = {0} U {xon1:n € w}.

Lemma 8.2. There exists a topological embedding h:Z — K x K such that
h(Z©)) = K x S,.

Proof. Observe that the product K x Sy is homeomorphic to the Cantor set, be-
ing a zero-dimensional compact metrizable space without isolated points. Conse-
quently, there exists a homeomorphism /g: Z(>) — K x Sj. Consider the space
C(Z, K?) of continuous functions from Z to K x K, endowed with the compact-
open topology (which coincides with the topology of uniform convergence). It is
clear that Co(Z, K?) := {f € C(Z,K?): f|Z©® = hy} is a closed subspace of
C(Z, K?). The space Co(Z, K?) is not empty as it contains the composition sy o r
of ho with a retraction r: Z — Z©° (which exists by [19, 7.3]). It is well known
[19, 4.19] that the function space C(Z, K?) is Polish and so is its closed subspace
Co(Z, K?).
For any point x € Z \ Z(® = UZ, consider the open set

Urx :={f € Co(Z.K?): f(x) ¢ K x So}

in Co(Z, K?). Using the zero-dimensionality of Z and nowhere density of K x S
in K x K, it can be shown that the open set Uy  is dense in Co(Z, K 2).
For any distinct points x, y € UZ, consider the open set

Us,y :={f € Co(Z, K?): f(x) # f(3)}

in Co(Z, K?). Using the zero-dimensionality of Z and the fact that K2 has no
isolated points, it can be shown that the set Uy, is dense in Co(Z, K?). Since the
space Co(Z, K?) is Polish, the countable intersection (1), .5, Ux,y of the open
dense sets in Cy(Z, K?) is not empty and hence contains some continuous function
h:Z — K x K. The inclusion & € (1), ,eyz Ux,y implies that the function £ is
injective and hence is a topological embedding (by the compactness of Z). A

From now on, we shall identify the space Z with its image #(Z) in K x K.
Under this identification, the subset Z(® of Z coincides with K x Sp.
For finite binary sequences y, «, 8 € 2=? with |B| < || < |B| + 1 let

Z':=ZNK", ZV:=ZNK' Zig=ZNK},.
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The sets
K? := Ky, x Kyiy,
K” := K, x Ky,
Kyﬂ = Kyq X Koiviy g,

were defined in the second step.

The sets of the form Z” w.0lal’ Z;/ olal—1» and Z7 are nonempty since they contain
parts of Z (). More precisely,
2
Y (00) _ 7V (00)
Z) s N2 =27 172 = Ky x {3|y|+1}

and

Z' Nz = K, x ({O} U {3%:11 > |y|})

On the other hand, the other “rectangles” Z(’; p can be empty.
For any sequences y, o, 8 € 2=¢ with || < |¢| < |B] + | and non-empty
set Z}, g choose a point z) 5 € Z 5 in the following way: if # = 0/81, then
zy VB (x,,a, ) € Z©°), otherwise z) o.p is an arbitrary point from the set
. We recall that by x, we denote the smallest real number in the set K, C RR.

Step 4. Defining retractions r,r and r¥. At this step we define three special
retractions

rkxkK-— 27,
rZ — K x{0},
7Y — 77 N 72,

forall y € 2%,

The retraction r: K x K — Z assigns to each point z € K x K the point r(z),
defined as follows. If z € Z, thenputr(z) :=z. If z ¢ Z, then z ¢ K x {0} and
there exists a unique y € 2<% such that z € KV. Observe that the family of pairs

P, ={(a,f) €2~ (Bl <la| < |Bl+ 1,z € K} 5, Z} ; # O}

is non-empty (since (4, @) € P,) and finite (since z ¢ Z and diamK;’ p — Oas
min{|«/|, ||} = o0). So, we can choose a pair («, §) € P, having maximal sum
|a| + |B| among the pairs in P, and put r(z) := z(’;ﬂ € Z(’;ﬂ. It is easy to check

that the so-defined map r: K? — Z is a continuous retraction of K x K onto Z.
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Next we define the retraction r:Z — K x {0} c Z. For any point
z € Kx{0},putr(z) :=z.If z € Z \ (K x {0}), then find a unique y € 2=¢ with
z € Z7 and put r(z) = (x,,0) where x, = min X,.

Finally, for every y € 2=¢ we define a retraction

2
Y. 7Y 14 (c0) _
.72V —Z"NZ —ny{3|y|+1},

which is a “local” version of the retraction r. Given any point z € ZV define
r(z) € Z¥ N Z© as follows. If z € Z© then put r’(z) := z. If z ¢ Z(,
then we can find unique finite binary sequences «, § € 2<% such that z € Z;” PE
B =0P1=11, and |a| = |B|. In this case we put 17 (2) := (Xya, 35777)-

Figure 4. Visualizing the retractions r, r and r”. Note that in the visualization of r, black
boxes indicate the location of the set Z, whereas grey boxes have empty intersection with Z.

Step 5: Defining the topological ultrafractal structure ¥z = { fo, f1, f2} on Z.
First we define the surjective map f>:Z — Z% = ZN(K x K;). If z = (x4,0) €
K x {0} C Z for some « € 2%, then we put

f2(2) = r(x[a). X1[a)
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and if z € Z7 for some y € {0, 1}=%, then we put f>(z) := f2(r(z)) = f2(xy,0).
We recall that by |«| and [«] we denote the even and odd parts of the binary
sequence o = (xg, 1, d2, ... ).

Below we list important properties of the map f>: Z — Z%. We skip the proof
as it follows directly from the construction.

(A2) Lety € 2=? and let p := max{k < |y|: Z], ;| 1, 11 7 N

(A2=) If p = |y, then f2(Z7) = fa(Ky x {0) = Z0 -
(A2<) I p <yl then £2(Z7) =422, 1) 11}

(B3) Forany y € 2= the set f,(Z") coincides with the singleton
{f2(xy, 00} = {r(xpy pary1))-

(C2) the map f, is continuous.

Next, for every i € {0, 1} we define the surjective map f;: Z — Z'. Observe
that
Z=(Kx{opulJzr and Z'=(K;x{ohul Jz".

y€2<w y€2<w

Fix any point z € Z. If z € K x {0}, then z = (x4, 0) for a unique o € 2% and we
define f;(z) := (Xia,0). If x € ZV for some y € 2=¢, then z = (xya, XoivI15) for
some o, f € 2°. If § = 0%, then z = (xya, 35777) € Z© and we put

Ji(2) = r(Xiy|als Xolvio1[a)-
Otherwise, we put f;(z) := f; (1" (2)).
Now we list properties of f; which follow from its definition:

(A4;) Let y,a, B € 2% be finite binary sequences of length |B] < |e| < [B] + 1
such that Z‘Z’ﬁ # @, and let p = max{k < |oc|:Z'L(’;HCH(Wd # @) and
q = max{k < |B|: B Mk = OF}.
(4i=) If p = |o| and g = |B|, then fi(Z] ) = Z|! -
(Ai<) If p < g and p < |a|, then fi(Z;”ﬂ) is the singleton {ZZLZ CpLatp])
(A;>) If p > g and q¢ < |B], then fi(Zo’;ﬁ) coincides with the singleton

{fi (xyar ﬁ)} where o’ = a (g + 1).
(Bi) fi(ZV) = Z" foranyy € 2<%,

(C;) The map f; is continuous.
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- 7"
/\J

Figure 5. The maps (xo,0) — (X[ o], X1[¢7) and (Xyq, W%) = (X0y La)» X001 [a])-

Now we are going to prove that the space Z endowed with the function family
Fz = {fo, f1, f»} is a strict topological ultrafractal. For this we shall describe the
structure of images f(Z) under maps f € F3°.

Observe that each map f* € F2 is equal to the composition

Ja = Jfag o0 fa,

for a suitable finite sequence « = («p,...,®,) € {0,1,2}=?. If « is the empty
sequence, then fy is the identity map of X.

Taking into account the properties (A4;)—(C;) of the maps f;, i € {0, 1,2}, we
can prove the following lemma.

Lemma 8.3. Iffor afinite sequencey € {0, 1,2}~ the set f,(Z) is not a singleton,
then one of three possibilities holds:

1) y €{0.1)= and f,(Z) = Z7;
2) y = 2P for some sequence € {0,1}~“ and f,(Z) = ijﬂJ,Fﬂ1;

3) y = a2p for some sequences o, § € {0, 1}=? with |a| > 0 and
_ 7
I Z) = Zji\gi i

where i = |a|.

Using Lemma 8.3 it is not difficult to prove that (Z, Fz) is a strict topological
ultrafractal.

By Theorem 6.1, for every positive A < 1 the Kameyama pseudometric pfz on

the topological ultrafractal (Z, Fz) is an ultrametric with the doubling property.
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Moreover, for any points x, y € Z the distance pfz (x, y) can be calculated by
the formula

py 7 (x,y) = inf{A*:x,y € f(Z) for some f € F°K}.
Taking into account that
{f(2): feTPyClzhize ZYU{ZY. Z) gia, By €277},
we can conclude that for x, y € K x {0} C Z this formula simplifies to
pfz (x,y) = inf{Al"l: x, y € Z7 for some y € 2<°}.

Step 6. Constructing the map f3: Z — X \ Z. By our assumption, the compact
metrizable space X is finite-dimensional and so is the closed-and-open subspace
Y = X \ Z of X. By the Embedding Theorem 1.11.4 in [14], the finite-
dimensional compact metrizable space Y admits a topological embedding into
the unit cube [0, 1] in the Euclidean space R? of dimension d = 2dim(Y) + 1.
So, we can (and will) identify ¥ with a subset of [0, 1]¢.

For every n € w consider the cover

On = {5 (e 4 0,113 € 24 010,277

of [0, 1]¢ by closed cubes with side 2% The family O, := (J, ¢, On is a tree with
respect to the partial order < defined by U < V iff V C U. So, the cube [0, 1]¢
is the smallest element of the tree (. It is clear that for every n € w, any cube
U e O, has exactly 24 successors in the tree [, (those successors are cubes of
the cover (1,41, contained in U).

In the tree O, consider the subtree T consisting of cubes U € O, that have
non-empty intersection with the subspace Y of [0, 1]¢. The choice of Z ensures
that the space Y is not empty, so for any n € w the n-th level 7, = T N O, of the
tree T is not empty.

In the binary tree 2= consider the subtree (24)<® := | J,c,, 29".

By induction on the tree (2¢)<® we can construct a surjective map ¢: (2¢)<® —
T such that for every n € w and every s € 29" C (2¢)<® the element ¢(s) belongs
to the n-th level 7, of T and the set {p(a):a € 29D }dn = s} coincides
with the set {t € T,,+1:¢(s) < t} of successors of ¢(s) in the tree T. This set
of successor has cardinality < 24 50 the inductive construction of ¢ is indeed
possible.

The surjective morphism of the trees ¢:(2¢)<® — T determines a well-
defined continuous surjective map d¢: 2 — Y assigning to each infinite binary



380 T. Banakh, M. Nowak, and F. Strobin

sequence s € 2% the unique point of the intersection (), ¢(sdn) of the
decreasing sequence of cubes (¢(s 'dn)),eq. It is easy to see that for any finite
binary sequence s € 29" C (29)<® we have dp(1s) = Y N ¢(s), where
rs ={a e€2®aldn =s}.

Let f3 = dp o x(__)1 or:Z — Y be the map assigning to each point z € Z the
point dp(«) where o € 2% is the unique sequence such that (x,,0) = r(z) . It
follows that for every s € 29” C (29)<¢ the set Z* has image

f3(Z2%) = dp(1s) =Y Ng(s).

Step 7. Constructing the topological fractal structure ¥ = { fi}?zo on X. As we
already know, the function system ¥z = { fo, f1, f>} is a topological (ultra)fractal
structure on Z, which implies that for every i € {0, 1,2} the map f; has a unique
fixed point z; € Z.

Let fi:X — Z C X be the (unique) extension of the map f; such that
fi(Y) = {z;}. Inthis case f;(X) = {z;} U fi(Z) = fi(Z). Let f3:X > Y C X
be an extension of the map f3: Z — Y such that f3(Y) = {y3)} for some point
yz €Y.

We claim that the function system F = { f_,-}?=0 on X is topologically con-
tracting. Given any open cover U on X, use the continuity of the maps f; for
i € {0,1,2,3} and find an open cover V of Z such that for any V € V and
i € {0,1,2,3} the set f;(V) is contained in some set U € U. Since the func-
tion system Fz = {f;}?_, on Z is topologically contracting, there exists k € IN
such that for any function f € 3"°Zk the set f(Z) is contained in some set V' € V.
We claim that for any function f € F°*+1 the set f(X) is contained in some set
U e U. This is trivially true if f(X) is a singleton. So, we assume that f(X) is
not a singleton.

Since f € F°*+D there exists a sequence o = (o, ..., ax) € {0,1,2,3}k+!
such that f is equal to the map

Ja = fag 00 fuy

If for some positive i < k the number ¢; = 3, then f;i_l of_a,. (X) = f;i_l (fz(YU
7)) = f;i_l(Y) is a singleton and so is the set f(X). Since f(X) is not a
singleton, o; € {0, 1,2} for all positive i < k. The choice of k ensures that the set
Jay 0+ 0 for (Z) is contained in some set V' € V and the choice of the cover V
guarantees that f:xO(V) is contained in some U € U. Then

f(X) = f:xoof_;x] O---Of;k(YUZ) = f_;xgof(xl o"'ofdk(z) C f_;xo(V) cU.

Therefore the pair (X, ¥F) is a topological fractal.
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Step 8. Exploring properties of the Kameyama pseudometric pf on X. In this
step we shall show that for a sufficiently large A < 1 the Kameyama pseudometric
pf on X is a metric with the doubling property.

Observe that Lemma 8.3 and the definitions of the maps f3 and r imply the
following description of the images f(X) for f € F°®.

Lemma 8.4. If for a finite sequence y € {0,1,2,3}=% the set f_y(Z) is not a
singleton, then one of four possibilities holds:

1) y {0, 1<%, and f,(X) = f,(Z) = Z7;

2) y = 2B for some sequence B € {0,1}~%, and f_y(X) = f,(Z) = ZE’BJ,H‘H;

3) y = a2 for some sequences o, B € {0, 1}=% with |a| > 0, and
r _ _ 7a
fy(X) - f)/(Z) - ZLiLﬂJiJ’[iLﬂJi]v

wherei = |a;

4) y = 3a for some sequence a € {0,1}~%, and f_y(X) = f3(Z9).

Fix any positive real number A < 1 with 24 > 1 and consider the Kameyama
pseudometric p f generated by the topological fractal structure F = { f; FP_oonX.

Observe that for each map f € (Jr—, F°k the image f(X) is disjoint either
with Y or with Z. This implies that pf(y, zy=1foranyy €Y andz € Z.

The restriction of the Kameyama pseudometric pf to Z coincides with the
Kameyama ultrametric pfz generated by the topological ultrafractal structure ¥z .
By Theorem 6.1, pfz = pf |Z x Z is an ultrametric with the doubling property.

Now we evaluate the restriction of the Kameyama pseudometric pf toY xY
using the metric generated by the equivalent norm ||(x;);eq | := max;ecq |x;| on
the Euclidean space R > [0,1]¢ D Y.

Let s < 1 be the unique positive real number such that 1¢ = % The following
lemma implies that the Kameyama pseudometric pf is a metric.

Lemma 8.5. For any points x,y € Y we have pf(x, y) =A% |x — y|*.

Proof. To derive a contradiction, assume that pf (x,y) < A4 ||x — y||* for some
points x, y € Y and using the definition of pf , find a sequence go, ..., gm €F°®
such that x € go(X), vy € gm(X), gi(X) N gi+1(X) # @ forall 0 <i < m, and
Yo A% < 24| x — y|*. The last inequality implies that o(g;) > d for all
i. We can assume that each set g; (X) is not a singleton, so the number o(g;) is
finite.
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Let xo = x, x;+1 = y and for every i € {1,...,m} let x; be any point in
the intersection g;—1(X) N g;(X). Since x € Y, also x1,...,xm+1 € Y and we
can apply Lemma 8.4 and conclude that each map g; is of the form f_3a,- for some
sequence o; € {0,1}°@)~1 For every i < m find a unique number n; € IN
such that dn; < o(gi) — 1 < dn; + d and let B; = «; Mdn; € 29% . Then
gi(X) = fa,(X) C fa5,(X) = fa(f3,(2)) = f5(Z%) = Y N (). where
@(Bi) is a cube in the cover [y, .

Now we see that

A 2 it = 3 4y — x|
and hence

m m
A = y[f =27 o — Xmpa I A9 i — xiga T < ) A0,

i=0 i=0

which contradicts the choice of the sequence go, . . ., gm- A

Our final lemma completes the proof of Theorem 8.1.
Lemma 8.6. The Kameyama metric pf on X has the doubling property.

Proof. The doubling property of pf will follow as soon as we show that each
subset S C Y can be covered by 179 sets of diameter < A -diam(S). This is trivial
if S is a singleton. So, we assume that S contains more than one point. Fix any
point x € S and find a unique n € w such that 5= < sup s P} (X, ) < 550
Let Uy = {U € Oy:thereexists y € U, ||x — y|| < 2}. It is easy to see that
|Uy| < 17¢. We claim that S C U Uy.

Given any y € S \ {x}, find a sequence gy, ..., gm € F such that x € go(X),
vy € gn(X), gi(X) N git1(X) # @forall 0 < i < m, and Zl’.';o)t"(gi) <
A1 pf{t (x, y). We can assume that each set g; (X) is not a singleton, so the number
o(g;) is finite. Since S C Y = f3(X), we can also assume that o(g;) > 0.

Let xo = x, x;+1 = y and for every i € {l,...,m} let x; be any point in the
intersection g;—1 (X)Ng; (X). Since x € Y, we can apply Lemma 8.4 and conclude
that each g; is of the form fsa,- for some sequence o; € {0, 1}°®)~1, For every
i < m, find a unique number n; € w suchthatdn; <o(g;j)—1 < dn; + d and let
Bi =i Mdn; € 24ni Then

gi(X) = fao,(X) C fap,(X) = f3(f3,(2)) = f5(ZP)) =Y no(By),
where ¢(f;) is a cube in the cover [J,;,. Consequently,

[x = yI* = llxo = Xm+1ll°
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m
Z Ixi — xi41])* <

)Ldni — )L_d ikdni_l—d

i=0

m
0

I
'Mg I

N
Il
<

1 m

= d Z Acte) Ad+1pl L (x.)
i=0
1 2S(2+g)

< —

— pd+12(n—1s ons

s
<
— 2ns’

and [[x —y|| < 57. Then y € | JU, and hence S C YﬂUu For every cube U €
U, C O, the set Y NU coincides with the set 3(ZY) = f30 f,,(X ) for a suitable
sequence y € 24", Now the definition of the pseudometrlc 24 7 implies that Y N U

has py -diameter < Aoz fy) < plddn — p pdn — . o < A-diam(S). A

O

9. Some open problems

In this section we discuss a possible approach to a solution of the following open
problem.

Problem 9.1. Is each metric fractal equi-Hélder equivalent to a fractal in £,?

We can argue as follows. Let (X, JF) be a topological fractal and o: F° — X
be the surjective continuous map assigning to each sequence ( f;)new € F“ the
unique point of the intersection

() foo--o fu(X).

new

Given areal number ¢ < 1 on the countable set F=“ = [ J, ., {n}xF" consider
the measure . such that u.({(n, f)}) = c" foralln € w and f € F".

Consider the map y: F“ — L(u.) assigning to each sequence f € F? the
characteristic function of the set {(n, f Mn):n € w}.

Let Z be the closed linear span of the set {y(x) — y(¥):x,y € F°, a(x) =
a(y)} in the Hilbert space L,(i¢). Let H = Ly(ic)/Z be the quotient Hilbert
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space and q: L»(u.) — H be the quotient operator. The definition of Z implies
the existence of a continuous map i.: X — H such thati, oo = g o y. The map
i. induces a continuous pseudometric p. on X defined by

Pe(x,y) = llic(x) —ic(y)|| forx,y e X.

Problem 9.2. Under which conditions on (X,F) and ¢ < 1 the pseudometric p.
is a metric? Is p. a metric if X admits a metric in which every map f € F is
contracting with Lipschitz constant Lip(f) < ¢?
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